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Ïóñòü òåëî çàíèìàåò îãðàíè÷åííóþ îáëàñòü V ñ ãðàíèöåé S =
Su ∪ Sf ∪ Sσ.

Óðàâíåíèÿ êîëåáàíèé èìåþò âèä:

σij,j + ρω2ui = 0, i = 1, 2, 3 (1)

îïðåäåëÿþùèå ñîîòíîøåíèÿ:

σij = cijkluk,l, èëè σij = λuk,kδij + µ(ui,j + uj,i) (2)

ãðàíè÷íûå óñëîâèÿ

ui|Su
= 0, σijnj

∣∣
Sf

= 0, σijnj

∣∣
Sσ

= pi (3)

ãäå nj , pj � êîìïîíåíòû åäèíè÷íîãî âåêòîðà âíåøíåé íîðìàëè

ê S è êîìïîíåíòû âåêòîðà âíåøíåé íàãðóçêè. Îáëàñòü Su �

çàêðåïëåíà, Sf � ñâîáîäíà, íà Sσ çàäàíà âíåøíÿÿ íàãðóçêà.



ÓÑÒÀÍÎÂÈÂØÈÅÑß ÊÎËÅÁÀÍÈß

▶ Àíèçîòðîïíûé ñëó÷àé

cijkl � êîìïîíåíòû òåíçîðà óïðóãèõ ìîäóëåé (ñèììåòðèÿ è

ïîëîæèòåëüíàÿ îïðåäåëåííîñòü), êóñî÷íî-íåïðåðûâíûå ôóíêöèè

êîîðäèíàò, ρ � ïëîòíîñòü ñðåäû (òàêæå ôóíêöèÿ êîîðäèíàò)

▶ Èçîòðîïíûé ñëó÷àé

λ, µ, ρ � ôóíêöèè êîîðäèíàò



ÎÁÐÀÒÍÀß ÇÀÄÀ×À

Çàäà÷à îïðåäåëåíèÿ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî îïåðàòîðà

òåîðèè óïðóãîñòè

(Òèï 1) Äîïîëíèòåëüíàÿ èíôîðìàöèÿ î ïîëå ïåðåìåùåíèé çàäàåòñÿ

â îáëàñòè Sσ

(Òèï 2) Äîïîëíèòåëüíàÿ èíôîðìàöèÿ çàäàåòñÿ â îáëàñòè Sf .

(îáëàñòè Sσ è Sf íå ïåðåñåêàþòñÿ)

ui|Sf
= fi (x, ω) , ω ∈ [ω1, ω2] (4)

Íåëèíåéíîñòü îáðàòíîé çàäà÷è � èòåðàöèîííûé ïðîöåññ ðåøåíèÿ

▶ Íà÷àëüíîå ïðèáëèæåíèå

▶ Íàõîæäåíèå ïîïðàâîê

▶ Âûõîä èç èòåðàöèîííîãî ïðîöåññà



ÁÅÇÐÀÇÌÅÐÍÀß ÏÎÑÒÀÍÎÂÊÀ

Ðàññìîòðèì áåçðàçìåðíóþ ïîñòàíîâêó çàäà÷è (1)-(3)

(g1Uk,kδij + g2 (Ui,j + Uj,i)),j + g3κ
2Ui = 0, i = 1, 2, 3;

Ui|Su
= 0, (g1Uk,kδij + g2 (Ui,j + Uj,i))nj |Sf

= 0,

(g1Uk,kδij + g2 (Ui,j + Uj,i))nj |Sσ
= Pi, i = 1, 2, 3;

(5)

ãäå λ = g1µ0, µ = g2µ0, ρ = g3ρ0, κ
2 = ρ0ω

2d2µ−1
0 , pi = Piµ0,

µ0, ρ0 � õàðàêòåðíûå çíà÷åíèÿ ìîäóëÿ óïðóãîñòè è ïëîòíîñòè,

d � äèàìåòð çàíèìàåìîé òåëîì îáëàñòè.



ËÈÍÅÀÐÈÇÀÖÈß

Ðàçëîæåíèå ïî ôîðìàëüíîìó ìàëîìó ïàðàìåòðó ε:

Ui = U0i + εU1i + ε2U2i . . . , gk = g0k + εg1k + ε2g2k . . . (6)

Çàäà÷à ïðè íóëåâîé ñòåïåíè ε:

Σ0,0
ij,j + g03κ

2U0i = 0, i = 1, 2, 3.

U0i|Su
= 0, Σ0,0

ij nj

∣∣∣
Sf

= 0, Σ0,0
ij nj

∣∣∣
Sσ

= Pi, i = 1, 2, 3

(7)

Çàäà÷à ïðè ïåðâîé ñòåïåíè ε:

Σ0,1
ij,j + g03κ

2U1i = −
[
Σ1,0
ij,j + g13κ

2U0i

]
,

Ui|Su
= 0, Σ0,1

ij nj

∣∣∣
Sf∪Sσ

= − Σ1,0
ij nj

∣∣∣
Sf∪Sσ

, i = 1, 2, 3
(8)

Σn,m
ij = (gn1Umk,kδij + gn2 (Umi,j + Umj,i))



ÑÈÑÒÅÌÀ ÔÓÍÊÖÈÉ

Ñèñòåìà íóëåâîãî ïîðÿäêà:

φ
(0)
0 = 1

Ñèñòåìà ïåðâîãî ïîðÿäêà:

φ
(1)
0 = 1, φ

(1)
1 = x, φ

(1)
2 = y, φ

(1)
3 = z



ÑÈÑÒÅÌÀ ÔÓÍÊÖÈÉ

Ðåøåíèå çàäà÷è (8) � ïðåäñòàâëåíèå ïðàâîé ÷àñòè â âèäå ðàçëîæåíèÿ.

▶ Óâåëè÷åíèå ïîðÿäêà àïïðîêñèìàöèè ïîïðàâîê

g1k = c0k1 φ
(0)
0 (x, y, z) , k = 1, 2, 3;

g1k =

N∑
s=0

c1ks φ(1)
s (x, y, z) , k = 1, 2, 3;



ÏÐÈÌÅÐ. ÎÇ ÄËß ÑÒÅÐÆÍß

Áåçðàçìåðíàÿ ôîðìà óðàâíåíèÿ óñòàíîâèâøèõñÿ êîëåáàíèé:

(u′g)
′
+ κ2ru = 0

u (0) = 0, u′ (1) g (1) = 1
(9)

ãäå g, r, κ � áåçðàçìåðíûå ìîäóëü óïðóãîñòè, ïëîòíîñòü è ÷àñòîòà

êîëåáàíèé.

Äîïîëíèòåëüíàÿ èíôîðìàöèÿ:

u (x, κ)|x=ξ = f (κ) , κ ∈ [κ1, κ2] (10)

ãäå ξ ∈ (0, 1).

▶ Òî÷êà ñúåìà àìïëèòóäû êîëåáàíèé íå ñîâïàäàåò ñ òî÷êîé

íàãðóæåíèÿ



ÐÅØÅÍÈÅ ÎÇ

▶ Èòåðàöèîííûé ïðîöåññ

▶ Øàã 1

Íà÷àëüíîå ïðèáëèæåíèå g0 (x) , r0 (x) óäîâëåòâîðÿåò ñëåäóþùåé
êðàåâîé çàäà÷å

(u′0g0)
′
+ κ2r0u0 = 0

u0 (0) = 0, u′0 (1) g0 (1) = 1
(11)

è îáåñïå÷èâàåò ìèíèìóì íîðìå
∥∥∥u0 (x, κ)|x=ξ − f (κ)

∥∥∥.



ËÈÍÅÀÐÈÇÀÖÈß

Ëèíåàðèçàöèÿ çàäà÷è (9)

u = u0 + εu1 + . . . , g = g0 + εg1 + . . . , r = r0 + εr1 + . . .

Ïðè ε0 î÷åâèäíî ïîëó÷àåì çàäà÷ó (11). Çàäà÷à ïðè ε1 áóäåò

èìåòü âèä:

(u′1g0)
′
+ κ2r0u1 = − (u′0g1)

′
− κ2r1u0

u1 (0) = 0, u′1 (1) g0 (1) = −u′0 (1) g1 (1)
(12)



2 ÏÎÄÕÎÄÀ

Çàäà÷ó (12) íåëüçÿ ðåøèòü ìåòîäîì ïðèñòðåëêè òàê êàê îíà

ñîäåðæèò íåèçâåñòíóþ ôóíêöèþ â ïðàâîé ÷àñòè.

ÎÇ (òèï 1) � Èñïîëüçóåòñÿ ñîîòíîøåíèå âçàèìíîñòè:∫ 1

0

[(
u′g

)′
u0 −

(
u′0g0

)′
u+ κ2 (r − r0)uu0

]
dx = 0 (13)

ÎÇ (òèï 2) � Ïàðàìåòðèçóåì ïðàâóþ ÷àñòü, ïóòåì ðàçëîæåíèÿ

íåèçâåñòíûõ ïîïðàâîê ïî ñèñòåìå ôóíêöèé φs (x)

φs (x) =

N∏
k = 0
k ̸= s

(xk − x)

/
N∏

k = 0
k ̸= s

(xk − xs), (14)

ãäå â êà÷åñòâå òî÷åê êîëëîêàöèè âûáðàíû xk = k
N



ÑÈÑÒÅÌÀ ÔÓÍÊÖÈÉ

N = 1 N = 2



ÐÀÇËÎÆÅÍÈÅ ÏÐÀÂÎÉ ×ÀÑÒÈ

Ôóíêöèè íåîäíîðîäíîñòè ìîæíî ïðåäñòàâèòü â âèäå ðàçëîæåíèé

g =

N∑
s=0

cgsφs (x) , r =

N∑
s=0

crsφs (x)

â ñëó÷àå, êîãäà g, r ïîëèíîìû ñòåïåíè íå âûøå N ,

Ïîïðàâêè (íåçàâèñèìî îò ñòðóêòóðû g, r) áóäåì èñêàòü â âèäå:

g1 =

N∑
s=0

c∆g
s φs (x) , r1 =

N∑
s=0

c∆r
s φs (x) (15)

Íåîäíîðîäíàÿ çàäà÷à:

(u′1g0)
′
+ κ2r0u1 = −

(
u′0

∑N
s=0 c

∆g
s φs (x)

)′

− κ2u0
∑N

s=0 c
∆r
s φs (x)

u1 (0) = 0, u′1 (1) g0 (1) = −u′0 (1)
∑N

s=0 c
∆g
s φs (1)

(16)



N = 1, N = 2

▶ Ëèíåéíàÿ è êâàäðàòè÷íàÿ àïïðîêñèìàöèÿ äëÿ ïîïðàâîê

Êîíñòðóêöèÿ ôóíêöèé (14) òàêîâà, ÷òî φs (xk) = δsk.

δsk =

{
1, s = k
0, s ̸= k

Èñïîëüçóÿ ýòî ñâîéñòâî, ïåðåïèøåì ãðàíè÷íîå óñëîâèå â (16)

(u′1g0)
′
+ κ2r0u1 = −

(
u′0

∑N
s=0 c

∆g
s φs (x)

)′

− κ2u0
∑N

s=0 c
∆r
s φs (x)

u1 (0) = 0, u′1 (1) g0 (1) = −u′0 (1) c
∆g
N

(17)



ÊÀÍÎÍÈ×ÅÑÊÈÅ ÑÈÑÒÅÌÛ

Êàíîíè÷åñêàÿ ñèñòåìà äëÿ çàäà÷è (9):
u′ = σ/g
σ′ = −κ2ru
u (0) = 0, σ (1) = 1

(18)

Âñïîìîãàòåëüíàÿ çàäà÷à Êîøè èìååò âèä
ũ′ = σ̃/g
σ̃′ = −κ2rũ
ũ (0) = 0, σ̃ (0) = 1

(19)

à ðåøåíèå ñòðîèòñÿ â âèäå u = αũ, σ = ασ̃,
ãäå α = 1/σ̃ (1) � ïðèñòðåëî÷íûé ïàðàìåòð.



ÊÀÍÎÍÈ×ÅÑÊÈÅ ÑÈÑÒÅÌÛ

Êàíîíè÷åñêàÿ ñèñòåìà äëÿ íåîäíîðîäíîé çàäà÷è (12):
u′1 = σ1/g0
σ′
1 = −κ2r0u1 + F

u1 (0) = 0, σ1 (1) = −g1 (1)u
′
0 (1)

F = − (u′0g1)
′
− κ2r1u0

(20)

Äëÿ åå ðåøåíèÿ ðàññìîòðèì åùå îäíó âñïîìîãàòåëüíóþ çàäà÷ó

Êîøè  û′1 = σ̂1/g0
σ̂′
1 = −κ2r0û1 + F

û1 (0) = 0, σ̂1 (0) = 0

(21)

Ðåøåíèå (20) ñòðîèòñÿ â âèäå u1 = û1 + βũ, σ1 = σ̂1 + βσ̃,
ãäå β = − [g1 (1)u

′
0 (1) + σ̂1 (1)] /σ̃ (1).



ÍÅÎÄÍÎÐÎÄÍÀß ÇÀÄÀ×À

Ïðè ðåøåíèè (20) èñïîëüçóåòñÿ ñïëàéí àïïðîêñèìàöèÿ ÷èñëåííî

íàéäåííîé ôóíêöèè u0.
Êàíîíè÷åñêàÿ ñèñòåìà äëÿ íåîäíîðîäíîé çàäà÷è (16):

u′1 = σ1/g0

σ′
1 = −κ2r0u1 −

(
u′0

∑N
s=0 c

∆g
s φs (x)

)′

− κ2
(∑N

s=0 c
∆r
s φs (x)

)
u0

u1 (0) = 0, σ1 (1) = −c∆g
N u′0 (1)

(22)



ÍÀÕÎÆÄÅÍÈÅ ÊÎÝÔÔÈÖÈÅÍÒÎÂ

Çàäà÷à (20) ëèíåéíî çàâèñèò îò ïðàâîé ÷àñòè F è åå ðåøåíèå

ñòðîèòñÿ â âèäå

u1 =

N∑
s=0

c∆g
s ug1s +

N∑
s=0

c∆r
s ur1s

ug1s � ðåøåíèå (20) ïðè g1 = φs (x) , r1 = 0,
ur1s � ðåøåíèå (20) ïðè g1 = 0, r1 = φs (x).

Íà îñíîâå ñîîòíîøåíèÿ u1 (ξ) ≈ f − u0 (ξ) ñîñòàâëÿåòñÿ ÑËÀÓ

äëÿ íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ c∆g
s , c∆r

s , s = 0..N .



ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

×àñòíûé ñëó÷àé ξ = 0.79, N = 1, r1 = 0

(u′1g0)
′
+ κ2r0u1 = −c∆g

0 (u′0φ0)
′
− c∆g

1 (u′0φ1)
′

u1 (0) = 0, u′1 (1) g0 (1) = −u′0 (1) c
∆g
2

(23)

κ1, κ2 � äâå òî÷êè íà À×Õ.

u1 = c∆g
0 u10 + c∆g

1 u11{
κ = κ1 : u1 (ξ, κ) ≈ f (κ)− u0 (ξ, κ)
κ = κ2 : u1 (ξ, κ) ≈ f (κ)− u0 (ξ, κ)



ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

Èòåðàöèîííûé àëãîðèòì:

▶ Íà÷àëüíîå ïðèáëèæåíèå (g0 (x) = g0 =
1

f(0))

▶ Ïîèñê ïîïðàâêè â êëàññå ëèíåéíûõ ôóíêöèé

(ïîêà î÷åðåäíàÿ ëèíåéíàÿ ïîïðàâêà íå áóäåò ïî íîðìå ìåíüøå

0.01)

▶ Ïîèñê ïîïðàâîê â êëàññå êâàäðàòè÷íûõ ôóíêöèé

(ïîêà î÷åðåäíàÿ ïîïðàâêà íå áóäåò ïî íîðìå ìåíüøå 0.01)



ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

Ðèñ.: Òî÷íàÿ ôóíêöèÿ, íà÷àëüíîå ïðèáëèæåíèå, ëèíåéíûé è

êâàäðàòè÷íûé ðåçóëüòàò âîññòàíîâëåíèÿ

0.6 + ex 3.2− e0.8x



ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

1.4− 0.4 cos(π(1− x)/2) 1.4− 0.4 cos(πx/2)



ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

1 + sin(2x) 1.6 + 0.3 arctan(3(3x− 1))



ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

1 + 0.8 sin(πx) 1.8− 0.8 sin(πx)



ÇÀÊËÞ×ÅÍÈÅ

▶ Òî÷íîñòü ïîâûøàåòñÿ ïðè ξ → 1.

▶ Ïðè ξ < 0.5 ñõåìà ïåðåñòàåò ðàáîòàòü.

▶ Ìàëàÿ ëèíåéíàÿ ïîïðàâêà íàõîäèòñÿ ñ âûñîêîé òî÷íîñòüþ

çà îäíó èòåðàöèþ.

▶ Áåç ëèíåéíîãî íà÷àëüíîãî ïðèáëèæåíèÿ ñëó÷àéN = 2 òðåáóåò
ðåãóëÿðèçàöèè ñèñòåìû.



Ñïàñèáî çà âíèìàíèå!
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